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Two dimensional XXZ-Ising model on square-hexagon lattie
J. S. Valverde, Onofre Rojas and S. M. de Souza
Departamento de Ciênias Exatas, Universidade Federal de Lavras. C.P. 3037, 37200-000, Lavras - MG, Brazil.
We study a two dimensional XXZ-Ising on square-hexagon (4-6) lattie with spin-1/2. The phase
diagram of the ground state energy is disussed, shown two dierent ferrimagneti states and two
type of antiferromagneti states, beside of a ferromagneti state. To solve this model, it ould
be mapped into the eight-vertex model with union jak interation term. Imposing exat solution
ondition we nd the region where the XXZ-Ising model on 4-6 lattie have exat solutions with one
free parameter, for symmetri eight-vertex model ondition. In this sense we explore the properties
of the system and analyze the ompetition of the interation parameters providing the region where
it has an exat solution. However the present model does not satisfy the free fermion ondition,
unless for a trivial situation. Even so we are able to disuss their ritial points region, when the
exatly solvable ondition is ignored.
Reently frustrated magneti systems have been at-
trating a lot of attention due to their rih properties.
Suh systems have several phase diagrams displaying a
number of unusual quantum phases[1, 2℄. Frustration
interation is exhibit experimentally in inelasti neu-
tron sattering. Then two dimensional magneti lattie
is a hallenge for the theoretial investigation. After
Onsager's[3℄ solution of the square two dimensional Ising
lattie, other solutions for regular two-dimensional lat-
ties, suh as triangular[4, 5℄, honeyomb[6℄, Kagomé[7℄
lattie and others were explored in several works and his
importane in statistial physis waked up to searh for a
group of ompletely solvable models. The problem on-
erning to the exat solution and the ritial behavior of
the two-dimensional models was the matter of the Fan
and Wu[8℄-[9℄. In those works the free fermion (FF) on-
dition and the free fermion approximation was studied
with great details and the relations of the Boltzmann
weights for obtaining exat solvable models was estab-
lished. In many situations when the FF ondition is not
satised ompletely it is possible to nd with a good ap-
proximation for partiular values of the parameters of the
model. This is the ase investigated by Kun-Fa[10℄ where
the ritial oupling of mixed Ising spin-1/2 with the ar-
bitrary Ising spin-S was studied using the free fermion
approximation.
Sine that many theoretial investigation was devel-
oped, suh as Ising-Heisenberg Kagomé lattie[11, 12℄,
quantum square-Kagomé antiferromagneti lattie[13℄,
doubly deorated Ising-Heisenberg model[14℄, the mixed-
spin Ising model on a deorated square lattie with two
dierent kinds of deorating spins on horizontal and ver-
tial bonds[15℄. Other exatly solvable Ising model lattie
known as square-hexagon (4-6) was onsidered by Lin an
Yang[16℄. On the other hand a dierent 4-6 lattie as
a speial ase of the 4-8 lattie was studied by Oitmaa
and Keppert[17℄ where the solution for the Ising spin-1/2
ase was found. It is remarkable to point out that the
free fermion ondition for the Boltzmann weights is sat-
ised identially in these models and the exat ritial
point an be performed, thus the models falls within the
standard Ising universality lass.
Several real systems motivate to investigate in this
kinds of lattie, suh as the reently disovered
two-dimensional magneti materials Cu9X2(cpa)6.xH2O
(pa=2-arboxypentoni aid; X=F, Cl, Br) where the
Cu spins stands on the triangular Kagomé lattie[18℄
with Heisenberg interation type. Liquid rystals net-
works omposed by pentagonal, square and triangu-
lar ylinders[19℄. Other reent investigation about the
rystal struture of solvated [Zn(tpt)2/3(SiF,)(H20)2-
(MeOH)℄ [tpt = 2,4,6-tris(4-pyridyl)-1,3,5-triazine℄ net-
works with the (10,3)-a topology[20℄.
In this report we will disuss a similar model presented in ref. [17℄, where we inlude loal Heisenberg interation.
In Fig.1a we display shematially two dimensional XXZ-Ising on 4-6 lattie, with a single line we represent the Ising
lattie, whereas with double line we indiate the XXZ interation. In g. 1b we represent eah deorated ell of the
lattie, therefore the Hamiltonian of XXZ-Ising lattie will beome as
H({σ}, {Sα}) =
∑
i
JSiσi +
∑
<i,j>
(
J(Sxi S
x
j + S
y
i S
y
j ) + JzS
z
i S
z
j
)
, (1)
the rst summation runs over all sites involving the Pauli
operator σ with two possible values ±1, while the seond
summation runs over nearest neighbor of whole lattie
ontaining the Sα spin-1/2 operators with α = {x, y, z}.
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Figure 1: Shemati representation of two dimensional XXZ-Ising on 4-6 lattie. In (a) we represent as double line the XXZ
interation whereas with single line we represent the Ising interation. In (b) we illustrate eah deorated ell displayed in (a).
The transformation of unitary ell is represented in (), only as a funtion of the Ising interation with nearest, next-nearest
and quarti interation of eetive Ising lattie.
The phase diagram at zero temperature for the two
dimensional XXZ-Ising on 4-6 lattie is analyzed, om-
puting the ground state energy. We verify that there are
ve dierent states, as depited in g.2. We an lassify
the states by ferromagneti and antiferromagneti in the
Ising interation part. Therefore let us start writing the
ground state energy when the Ising interation is ferro-
magneti,
|FM〉 =
∣∣∣ ++++
++++
〉
, (2)
|AF1〉 =
∣∣∣−++−
−++−
〉
, (3)
|FI±〉 =
3∑
r=0
(±R)r
∣∣∣ ±++±
±−+±
〉
, (4)
by the large ± (inner squared signals) we represent the
Heisenberg interation partiles, whereas by the orner
small signals ± we indiate the Ising interation par-
tiles. By R we represent the rotation operator ating
only in Heisenberg interation partiles, eah rotation is
performed in
pi
2 , around of the axis perpendiular to the
plane of lattie.
The ferromagneti state (|FM〉) given in eq.(2) for
Jz < 0, is limited by
2
5Jz < J < 0, this state is de-
pited as brown region in g.2. There is also an anti-
ferromagneti state (|AF1〉) represented by eq. (3) for
Jz < 0, whih is restrited in the interval 0 < J < − 25Jz,
and is displayed in g.2 as gray region. It is worth to
notie that the state behaves as ferromagneti for both
in Ising and Heisenberg interation partiles but with
opposite oriented spin. Under same ondition we also
have two types of ferrimagneti states (FI) whih are ex-
pliitly given by eq.(4), for Jz < 0, the |FI+〉 is the
ferrimagneti state with magnetization 3/4, limited by
2
5Jz < J . 0.43067503Jz, whereas the |FI−〉 orre-
sponds to the ferrimagneti state with magnetization 1/4
restrited by −0.43067503Jz . J < − 25Jz . Those re-
gions are illustrated in g.2 as orange and yan region
respetively. These ferrimagneti states are invariant un-
der whole exhange of spin orientation.
The other possible situation is when Ising interation
antiferromagneti is onsidered. In this situation we only
have one antiferromagneti state |AF2〉, we also ould all
this state as frustrated state[21℄. This ground energy is
obtained after diagonalized a 3 × 3 matrix, whih is fall
into a ubi equation and their lowest solution is given
by − 83 (P1 cos(φ1)− Jz), with
P1 =
√
J2z + 9J
2, (5)
φj =
1
3 cos
−1
(
J3z
P 3
1
)
+ 2pij3 , (6)
in eq.(6), φj (with j = 0, 1, 2) is related to the real root of
the ubi equation. The orresponding eigenvetor state
read as
|AF2〉 = b1
3∑
r=0
R
r
∣∣∣ +++−
−−−+
〉
+ (1 + b2R)
∣∣∣ ++−−
−−++
〉
, (7)
and the oeients of (7) are given by
b1 =
1
6J (2P1 cos(φ1) + Jz + 3J) , (8)
b2 =
4
3J b1 (P1J cos(φ1)− Jz)− 1. (9)
This antiferromagneti state is present for arbitrary
values of J when Jz > 0, whereas for Jz < 0 this states is
limited by |J | & −0.43067503Jz, as illustrated in g. 2.
We remark that in this ase we have antiferromagneti
interation for both Ising and XXZ interations.
It is worth to omment that this model has multiriti-
al point at zero temperature, where ve states onverge
at J = Jz = 0.
To study the thermodynamis of the model we write
the partition funtion of deorated XXZ-Ising lattie,
given by Hamiltonian (1),
Z(β) =
∑
{σ}=±1
tr{Sα}
(
e−βH({σ},{S
α})
)
. (10)
After taking the trae over operators {Sα} we trans-
form the deorated XXZ-Ising model into an eetive
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Figure 2: The phase diagram at zero temperature, as a fun-
tion of two parameters, Jzand J .
Ising model, with next nearest and quarti interations
parameter, whose eetive Hamiltonian ould be ex-
pressed in general by
H˜({σ}) = K
∑
<i,j>
σiσj + L
∑
(i,j)
σiσj +M
∑
all
square
σ1σ2σ3σ4,
(11)
with K being the nearest neighbor interation, whereas
L is the next nearest neighbor interation parameter and
M being the quarti interation parameter. This trans-
formation is also represented shematially in g.1. This
eetive Ising model is the so alled 'Union Jak' lattie,
whih is an exatly solvable model[22℄.
Therefore the orresponding partition funtion of ef-
fetive Ising lattie is given by
Zeff = f
∑
{σ}=±1
(
e−β
eH({σ})
)
. (12)
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Figure 3: The eight spin vertex ongurations. Reversal of
all spins orresponds to the same vertex
Using the Boltzmann weight given in g.3 we are able
to transform the Hamiltonian (1) into (11) where their
parameters are related by the following expression,
f =
(
w1w2w
2
3w
4
5
) 1
8 , (13)
K =− 1
8β
ln
(w1
w2
)
, (14)
L =− 1
8β
ln
(w1w2
w23
)
, (15)
M =− 1
8β
ln
(w1w2w23
w45
)
. (16)
Performing some algebrai manipulation we write the
assoiated Boltzmann weights of the Hamiltonian 1. This
large results are written using some extra notations just
to express in a ompat form,
w1 =3 + e
4βJz + 8 cosh3(2βJ) + 2e−4βJz cosh(4βJ) + 2e−2βJz cosh
(
2β
√
J2z + 8J
2
)
, (17)
w2 =3 + 2e
−4βJz + 4 cosh(2βJ) + 4 cosh(2
√
5βJ) +
2∑
j=0
e−
8
3
β(P1 cos(φj)−Jz), (18)
w3 =1 + e
4βJz + 2e−4βJz + 8 cosh(2
√
2βJ) cosh(2βJ) + 2e
β
4
Jz(eβP2 cosh(βA+) + e
−βP2 cosh(βA−)), (19)
w5 =2 +
2∑
j=0
cosh
(
4βJ
3 (4 cos (θj)− 1)
)
+ 2e2βJz
(
cosh(βB+) + cosh(βB−)
)
+ 2 cosh(2βJ)(1 + e−4βJz), (20)
with P1 and φj already was dened in eqs.(5) and (6)
respetively, whereas the other amounts are dened as
follow
θj =
1
3 cos
−1
(
5
32
)
+ 2pij3 , (21)
P2 =
√
J2z + 10J
2 + 2J
√
4J2z + 25J
2, (22)
A± =
√
(3± 2Jz
P2
)(J2z + 4J
2) + 12J2 − P 22 , (23)
B± =2
√
J2z + 5J
2 ± 2J
√
6J2 + J2z . (24)
The other Boltzmann weights an be obtain using the
symmetry rotation, thus we have the following identities
for the model onsidered,
w3 = w4, and w5 = w6 = w7 = w8. (25)
The two dimensional XXZ-Ising on 4-6 lattie model in
general has no exat solution, but it ould be possible to
nd some partiular solutions imposing the exat solvable
ondition. Therefore it is possible to nd one branh
region where the model have an exat solution.
4The rst branh of a possible exat solution ould be
when the Boltzmann weights satisfy the so alled sym-
metri eight-vertex model (SEVM) ondition, where we
must have the following relations,
w1 = w2, w3 = w4, w5 = w6 and w7 = w8. (26)
Our model satisfy all these relations given by (26), un-
less the rst one.
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Figure 4: In (a) is displayed the exatly solvable ondition
for SEVM (w1 = w2). (b) The FF is imposed and there is
no exat solution. But there is a valley where ∆/w2
max
≪ 1,
partiularly we show the region for ∆/w2
max
> 10−3 as gray
region.
Imposing the rst relation of eq. (26) we have one pos-
sible solution. In g.4(a) we display the exatly solvable
SEVM ondition, as funtion of the parameters J and
Jz in units of β. Therefore we show that for one free
parameter the Hamiltonian (1) ould be solved exatly,
spite this transendental equation evolves ompliated re-
lation of Jz and J , we are not able to invert one of them
as a funtion of the other one expliitly, but even so we
an invert numerially. In the limit for large values of Jz
and J , we have the asymptoti limit where the relation
beomes approximately by J ≈ ±2.713579Jz. We also
have a trivial solution when J = 0, this orresponds just
to a set of non-interating squared Ising model.
The seond andidate for the exat solution is the so
alled free fermion (FF) ondition, when the following
relation
∆ = w1w2 + w3w4 − w5w6 − w7w8, (27)
must satisfy the ondition ∆ = 0.
Imposing the FF ondition unfortunately we annot
nd a solution for this model, unless for a trivial on-
dition when J = 0. In this situation we always have a
positive amount of ∆/w2max. Then we an note that, if
we display for small ∆/w2max the relation of Jz and J in
units of β, there are a wide valley where satisfy the on-
dition ∆/w2max ≪ 1, partiularly we display in g.(4), a
valley for ∆/w2max < 10
−3
, whereas the gray region or-
respond to the ondition of ∆/w2max > 10
−3
. This means
that we an approximate to the FF ondition and solve
this model with good approximation in all this region.
It is also possible to disuss the ritial behavior, even
when exatly solvable ondition is not satised. For the
rst branh solution (SEVM), its ritial ondition must
satisfy the following relation
w1 + w3 + w5 + w7 = 2max(w1, w3, w5, w7). (28)
In g.5 we display the ritial points region as a funtion
of the parameters J and Jz in units of β, and we represent
by a solid blue line. The onvergene for this ase is
satised in all ritial points |∆′|/w2max < 1, with |∆′| =
|w1 − w2| and wmax = max{w1, w2}.
The seond branh ritial points region is when we
impose the FF ondition
w1 + w2 + w3 + w4 = 2max(w1, w2, w3, w4). (29)
In g.5 we display the ritial points region as a funtion
of the parameters J and Jz in units of β, the ase when
the Boltzmann weight w1 is taken as the maximum value.
The red solid lines indiates the region where the FF
approximation is valid (|∆|/w21 < 1), and the doted red
line indiates the region where |∆|/w21 > 1. The blak
solid line display the ritial ondition region when the w2
is the largest one, with restrition ∆/w22 < 1, while with
doted blak line we represent the ritial region when
∆/w22 > 1.
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Figure 5: The ritial points region under FF ondition: red
line orresponds the ondition of w1 > w2, whereas by blak
line we represent the ondition when w1 < w2. Doted line
orresponds the region where ∆/w2
max
> 1. On the other
hand when SEVM ondition is imposed, the ritial region
beomes the urve given by blue line.
In this report we disuss some partiular solution
of two-dimensional XXZ-Ising model on square-hexagon
lattie, where the deoration is a square with XXZ in-
teration and the interation terms of the lattie is given
by Ising type oupling. We disuss the phase diagram
at zero temperature displaying ve dierent phases. To
study their thermodynami, initially we used two param-
eters but due to imposing the exat solvable ondition we
5onstrain this two parameters, then we obtain a 2D XXZ-
Ising on 4-6 lattie with one free parameter, under SEVM
ondition. Under FF ondition, we display a wide valley
where the model ould be onsidered approximately as
satisfying the FF ondition. It is also possible to disuss
the ritial ondition even when the exat result ondi-
tion is not satised.
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